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Abstract: The concept of scaling algebra provides a novel framework for the general 
structural analysis and classification of the short distance properties of algebras of local 
observables in relativistic quantum field theory. In the present article this method is ap- 
plied to the simple example of massive free field theory in s = 1, 2 and 3 spatial dimensions. 
Not quite unexpectedly, one obtains for s = 2,3 in the scaling (short distance) limit the 
algebra of local observables in massless free field theory. The case s = 1 offers, however, 
some surprises. There the algebra of observables acquires in the scaling limit a non-trivial 
center and describes charged physical states satisfying Gauss' law. The latter result is of 
relevance for the interpretation of the Schwinger model at short distances and illustrates 
the conceptual and computational virtues of the method. 



1 Introduction 

The structure of local observables in relativistic quantum field theories at short dis- 
tances is in many respects of physical interest. It is of relevance for the interpretation 
of physical states at small spacetime scales, the classification of the possible ultravio- 
let properties of local observables and the clarification of the corresponding algebraic 
structures. One may also hope that a general model-independent understanding of 
this issue will shed light on the constructive problems in local quantum physics |]10 . 

A promising step towards the solution of these problems has been taken in [Q, 
where the basic ideas of renormalization group theory have been adapted to the Haag- 
Kastler framework of relativistic quantum field theory. It was shown in this analysis 
that to each algebra of local observables there exists an associated scaling algebra 
on which renormalization group (scaling) transformations act in a canonical manner. 
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With the help of this device one can define and classify the scaling limit of any given 
theory analyze the relation between phase space properties and the nature of 
the scaling limit and introduce concepts for the description of the particle and 
symmetry features of a theory at small scales 0. 

It is the aim of the present article to illustrate the computational aspects of this 
method by applying it to the simple case of the theory of a massive free scalar field in 
s spatial dimensions. Following is a very brief outline of our results; a more detailed 
summary will be given at the end of this introduction. 

It turns out that, in the cases s = 2, 3, one obtains in the scaling limit the algebra 
of observables in the corresponding massless free field theories. Thus, according to 
the classification in |Q, these theories have a unique quantum scaling limit. Think- 
ing of the conventional field-theoretic approach to the renormalization group, this 
result may not be unexpected. Nevertheless it is of interest since it illustrates the 
basic message of that for the short distance analysis one need not exhibit specific 
renormalization group transformations. It is sufficient to identify the observables at 
different scales by considering operator-functions of a scaling parameter which have 
a few general properties and which exist in abundance. This somewhat abstract ap- 
proach has the virtue of being model independent, but it is still sufficiently concrete 
in order to carry out explicit computations. 

In the case of free field theory in s = 1 spatial dimensions, where the conven- 
tional field theoretic approach to the short distance analysis is hampered by infrared 
problems, the method of the scaling algebra reveals its full strength. There it turns 
out that the algebra of observables in the scaling limit is a (central) extension of 
the algebra generated by the massless free field in exponentiated Weyl form. The 
presence of a center shows that, for s = 1, the vacuum states appearing in the scaling 
limit can be mixed, in contrast to theories in higher dimensions, where these states 
are always pure 

More interestingly, the present method allows one to exhibit in the scaling limit 
physical states carrying a (global) gauge charge in the sense of [|1 for which Gauss' 
law holds. This result provides a marked illustration of the fact that the charge 
structure of a theory may differ substantially from that of its scaling limit. It is 
in particular of relevance for the interpretation of the Schwinger model where the 
algebra of the local (gauge- invariant) observables is known to be isomorphic to that 
generated by a free massive field |Tl|. Thus, whereas this theory does not have 
any charged superselection sectors at finite scales, there appear physical states in 
the scaling limit carrying an "electric charge" . The presence of these states may be 
interpreted as a manifestation of "partons" in the Schwinger model, i.e. observable 
particle-like structures appearing at small spacetime scales which have no counterpart 
at large scales. For a more detailed discussion of this issue and its relation to the 
notion of confinement, cf. 0. 

Hence, even though the models underlying our present investigation are rather 
trivial, the results nicely illustrate and exemplify various points in the abstract anal- 
ysis carried out in |^. 

For the convenience of the reader we recall in the remainder of this introduction 
various notions and results from and establish our notation. The method of 
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the scaling algebra relies on the following fundamental properties of any physically 



acceptable theory |10 



1. (Locality) The observables of the theory generate a net of local algebras over 
(1 + s)-dimensional Minkowski space M^+'', i.e. an inclusion preserving map 

0^A{0) (1.1) 

from the set of open double cones O C M^+'* to unital C*-algebras A{0). The algebra 
generated by all local algebras A{0) (as a C*-inductive limit) is denoted by A. The 
net is supposed to satisfy the principle of locality (Einstein causality), i.e. all pairs of 
operators which are assigned to spacelike separated double cones commute. 

2. (Covariance) The Poincare group P+ is represented by automorphisms of the net. 
Thus for each (A,a;) G V]. there is an automorphism aj^^^ G Aut^ such that, in an 
obvious notation, 

aA,M{0)) = A{AO + x) (1.2) 

for any double cone O. In [H this fundamental postulate was amended by the con- 
dition that for each A & A the function (A,x) ^— a\^x{A) is strongly continuous. In 
the present analysis we require continuity only with respect to the translations. 

3. (States) The physical states are described by positive, linear and normalized func- 
tional 00 on A. By the GNS-construction, any state u gives rise to a representation 
TT^ of .4 on a Hilbert space 7i^, and there exists a unit vector fl^ G Huj such that 

uj{A) = {n^,7T^{A)n^), aeA. (1.3) 

States describing the vacuum are distinguished by the fact that, on the correspond- 
ing Hilbert space 7i^, there is a continuous unitary representation U^{A,x) of "Pj. 
which leaves the unit vector invariant, satisfies the relativistic spectrum condition 
(positivity of the energy) and implements the action of V\. on the observables, 

U^{A,x)7r^{A)U^{A,x)-^ =n^{aA,x{A)), AeA. (1.4) 

Any state of physical interest is assumed to be locally normal to the vacuum state 
(i.e. its restriction to any local algebra can be represented by a vector in the Hilbert 



space of the vacuum representation, cf. |10, Sec. V.2]) 



We amend these physically well-motivated assumptions by a condition of a more 
technical nature in order to simplify the subsequent discussions. Namely we assume 
that the local algebras are continuous from the outside, 

A{0)= f]_A{0,), (1.5) 

OiDO 

where O denotes the closure of O. If a given net O A{0) fails to comply with 
this additional condition, one can always proceed to a corresponding regularized 
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net O ^i.og(C') := Clo^^^o-^i^^) "which has all the desired properties, as is easily 
checked. In view of this simple fact we may assume without essential loss of generality 
that all local nets appearing in our analysis are continuous in the sense of relation 
(1.5). 

Within this setting the short distance analysis is carried out as follows. One first 
proceeds from the given net and automorphisms {A, a) at spacetime scale A = 1 
(in appropriate units) to the corresponding nets (A\,a^'^^) describing the theory at 
arbitrary scale A G M^. This is easily done by setting for given A > 

AxiO) := AiXO) , := aA,Ax . (1.6) 

The identification of observables at different scales can then be accomplished by 
considering functions A of the scaling parameter A > whose values A^ are to be 
interpreted as observables in the nets {A\,a'''^^), A G M"*". Clearly, any such function 
A establishes some relation between observables at different scales. 

With this simple idea in mind one is led to the concept of scaling algebra A which 
consists of certain specific functions A : A with properties described below. 

The algebraic operations in A are pointwise defined by the corresponding operations 
in A\, A G M"*", and there is a C*-norm on A given by 

II All := sup \\A^\\. (1.7) 

A>0 

The local structure of A is lifted to A by setting 

A{0) := {A-.A^e Ax{0) , A G E+} . (1.8) 

Hence O A{0) is a local net over M}^^ and A is defined as its C*-inductive limit. 
One can also lift the action of the Poincare group in the underlying theory to a 
corresponding action of automorphisms .j, on A, which are given by 

It is crucial to demand that A consists only of elements on which the translations act 
strongly continuously, i.e. for each Ae A there holds 

\\ o^iA) - AW ^ as x^O. (1.10) 

Heuristically speaking, the latter constraint amounts to the condition that, for given 
A, the operators A\ occupy, for all values of A, certain regions in "phase space" with 
a fixed volume [Q. Hence, whereas the scale of spacetime changes along the graph 
of A, the scale h of action is kept fixed. In it was assumed that also the Lorentz 
transformations act in a strongly continuous manner on A; yet in order to simplify the 
discussion we do not impose this stronger condition here and consider the somewhat 
larger scaling algebra A consisting of all functions satisfying the preceding, weaker 
conditions. It should be emphasized that this algebra is fixed by these conditions 
once a local net {A, a) is given. 
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The structure of the physical states uj in the underlying theory at small spacetime 
scales can now be analyzed as follows. Given lo one defines a lift of this state to the 
scaling algebra at scale A G M+ by setting 

^x{^--=^{Ax). A^A. (1.11) 

Let (tta, T^a) be the GNS-representation of A which is fixed by Lii\. Then one considers 
the net 

O^^(0)/ker7rA, ai^i , (1.12) 

where ker means "kernel" and ot^^ is the induced action of the Poincare-transfor- 
mations x this quotient. This net is isomorphic to the theory {A\, a^^^^ at scale 
A §. 

We recall in this context that two local nets {^Aa-.oS"^') and (^b,a*^*^) are said 
to be isomorphic if there exists an isomorphism : Aa —>■ Ah which preserves lo- 
cality, (t){Aa{0)) = Ab{0) for each double cone O, and intertwines the action of 
the Poincare-transformations, o a^^^ = a^^^ o 0; isomorphic nets describe the same 
physics. 

With these preparations one is led to the following canonical definition of the 
scaling limit of a theory. One first considers the set SL{uj) of limit points (in the 
weak-*-topology) of the net of states {wa}a>o for A — 0. This set of states is always 
non-empty by standard compactness arguments. We denote the elements of SL{uj) 
by cjq.m where l is an element of some index set, and recall that cug.t ^ SL{uj) means 
that there exists some directed set K (depending on l) such that, for some net of 
scaling parameters A^, k G K, which converges to zero, one has 

Urn u^^iA) = ivoAA) , AeA. (1.13) 

Thus, roughly speaking, the sequence of states need not converge for A — 0, but 
there exist always convergent subsequences. The following general facts about the 
scaling limit states cJo.t have been established in [Q. 

1. SL{u) does not depend on the chosen physical (locally normal) state lu. 

2. Each Wo^t G SL{uj) is a vacuum state on A. (In the present, more general 
setting one has, however, no control on the continuity properties of the Lorentz 
transformations. ) 

With this information it is clear how to define, in analogy to the case of finite scales, 
theories associated with the scaling limit A — > 0. Picking cjo.t ^ SL{uj) one proceeds 
to its GNS-representation (vro,t,7io/) and defines the net and automorphisms 

O ^ A,.(0) := ^(0)/ker7ro,. , af^ , (1.14) 

where o^a'^^ denotes the induced action of a^^^ on the quotient net. This net has 
the same general properties as the underlying theory (possibly apart from outer 
continuity; in that case we pass to the regularized net without further mentioning). 
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We mention as an aside that in our computations we will frequently make use of 
the general fact that the abstract net defined in (1-14) is isomorphic to the concrete 
net of C*-algebras and automorphisms given by 

O^TioMiO)), Ad[/o,.(A,x), (1.15) 

where Uq^^{K,x) are the unitaries representing the Poincare group on ?^o,f 

Given these results, there arises the interesting problem of whether the nets 
(^o,M ct''^''''') depend on the choice of the state u;o,t G SL{uj). As was discussed in 
P] , there are the following possibilities. 

1. All nets (^o,M are isomorphic to the trivial net (C 1, id), where id denotes 
the trivial automorphism ("classical scaling limit"). 

2. All nets {Aq^^^ a'^'^'''^) are isomorphic and non-trivial ("unique quantum scaling 
limit"). If the respective isomorphisms connect also the vacuum states u;o,t, one 
has "a unique vacuum structure in the scaling limit" . 

3. Not all of the nets {A^^^^a'^'^'''^) are isomorphic ("degenerate scaling limit"). 

Which case is at hand depends of course on the underlying theory. As was argued in 
1^, case 2 may be expected to hold in many theories of physical interest. In spite of 
the existence of an abundance of scaling limit states cuo.m which may be attributed 
to the fact that the scaling algebra A contains the orbits of local observables under 
arbitrary renormalization group transformations p[ , these theories have a well-defined 
and non-trivial scaling limit. Phrased differently, in this generic case it does not 
matter which renormalization group transformation one uses in order to determine 
the scaling limit, all transformations yield the same result. 

The same remark applies to theories leading to case 1, for which the scaling limit is 
trivial. It is only for theories corresponding to case 3 that the short distance structure 
cannot be described by a single net. For a tentative physical interpretation of these 
cases see [Q. Examples of nets with such remarkable short distance properties will 
be presented elsewhere 0. 

In the present investigation we will apply this scheme to the nets {A^'^\ a^'^'^) 
generated by the free field of mass m in s spatial dimensions. These nets will be 
introduced in Sec. 2 as concrete operator algebras in some "standard representation" 
which differs from the familiar Fock representation but will be convenient for the 
present analysis since it accommodates the free nets of arbitrary mass in a trans- 
parent manner. In Sec. 3 we will analyze the structure of the scaling limit nets 
(^0™'', a*-'"'^''''') in the cases s = 2,3 and show that they are isomorphic to the net 
{A^'^\a'^^^) generated by the free massless field and that the isomorphisms connect 
the respective vacuum states. Hence, in this specific sense these theories have a 
unique quantum scaling limit and vacuum structure in this limit. 

The case s = 1 is treated in Sec. 4, where we show that, as already mentioned, the 
algebras A\^} have a non-trivial center and hence the vacuum states cUgT^ mixed. 
We also exhibit physical states u;^™^ on the nets (^7^ a^""'"''^) which carry some 
charge q and coincide with the vacuum state ujq^^ on the observables in the right and 
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left spacelike complement of some sufficiently large double cone. But they are disjoint 
from the vacuum on the algebra of observables of the full spacelike complement of 

any double cone, no matter how large. Therefore one can determine the charge of 
these states in the spacelike complement of any bounded region and this fact may be 
regarded as an algebraic version of Gauss' law. The article concludes with a list of 
open problems which are outlined in Sec. 5. 

2 Standard representations of free fields 

We deal in the present article with the theories of the free scalar field of arbitrary 
mass. It is therefore convenient to employ the formulation of free field theory based 
on the time zero fields and their canonically conjugate momenta since they do not 
depend on the mass. 

We introduce the fields and conjugate momenta in exponentiated form by con- 
sidering the unitary operators W{f), where / is any element of V{W), the space of 
complex valued test-functions with compact support in the configuration space M*. 
The canonical commutation relations then turn into the Weyl relations 

W{f)W{g) = e-t-(/'^)iy(/ + g), f,ge P(M^) , (2.1) 

where the symplectic form a is given by 

a(/,^):=Im J d^xj{^g{^) . (2.2) 

The *-algebra generated by all Weyl operators is denoted by 2IJ. On 211 we intro- 
duce various automorphisms of geometrical significance. The action of the spatial 
translations W on the Weyl operators is given by 

a^{W{f)):=W{T^f), xeM% (2.3) 

where (rx/)(y) := /(x — y). For given mass m > 0, we define corresponding time 
translations by setting 

at\w{f)):^W{r}"'^f), teR. (2.4) 

Here, (r/'"''/)(x) is the unique solution of the Klein-Gordon equation of mass m with 
initial data Re/ -|- ilm/, (A — m^)Im/ + iKef. More explicitly, 

(ri^V) (cos(t/i„,,)+i/x-^sin(t/i^))Re/ (2.5) 

+ i (cos(t/x^) + i/im sin{tii^) ) Im/ , 

where /x^ acts in momentum space according to (Aim/)(p) '■= Vp^ + ^^f{v)- (The 
tilde denotes, as usual, the Fourier-transform.) Because of the propagation properties 
of the solutions of the Klein-Gordon equation, (t^^^ f) has support in a ball of radius 
r + \t\ if / has support in a ball of radius r; hence T>{W) is stable under the action 

r (m) 
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It is apparent that the automorphisms ax and al commute for arbitrary m > 
0. In contrast, the time translations corresponding to different values of m do not 
commute. In order to simplify notation we put := a[^^ o and similarly r^™^ := 
ri^'Kr^ for x = (t,x) G M^+^ 

In a similar way one can introduce a mass dependent action of the Lorentz- 
transformations on 2U, but we dispense with giving explicit formulas. We will also 
need the action of length scale transformations (dilations) on 211. They are fixed by 
setting 

cTx{W{f)):=W{6xf), A>0, (2.6) 

where 

(5,/)(x) := A-^(Re/)(A-ix) +a-^(Im/)(A-ix) . (2.7) 

It is straightforward to establish the following relation between the Poincare-trans- 
formations and dilations: 

^Ao4^?=ai-ioa,, A>0. (2.8) 

Next we introduce the vacuum states on 22J corresponding to the different time evo- 
lutions. Given m > 0, we put 

cuM(H/(/)) :=e-5ll/ll™, feV(R'), (2.9) 
where (excluding the singular case s = 1, m = 0) 

11/11^ := 2-1 J d^p I /i-|/2(R^/)(p) + z/iV2^(W)(p) p (2.10) 

and Hm,p '■= -y/pM-m?. The extension of to^"^^ to 2U is fixed by linearity and describes 
the vacuum state in the theory of mass m. There holds in particular u^"^^ o = u'^"^^ 
and w^'^^octa = cj^^™). 

The present analysis is greatly simplified by the following result due to Eckmann 
and Frohlich In its formulation there enter the sub-algebras W{G) of 2IJ which 
are assigned to the regions G G W and are generated by all Weyl operators W{g) 
where g are test-functions with supp g C G. 

Proposition 2.1 Let s = 2 or 3 and let G C 6e bounded. Then the restricted 
(partial) states tu^™'^ \ W{G), m>0, are normal with respect to each other. If s = 1 
this statement holds for m > 0. 

This result and the local action of the spacetime transformations allow one to describe 
and analyze the nets of local von Neumann algebras generated by the various free 
fields of different mass in a fixed "standard representation" of 20 which is induced by 
any one of the vacuum states. In the subsequent section we treat the cases s = 2, 3 
and take as a standard state the m = vacuum, whereas in our discussion of the case 
s = 1, we fix some vacuum state with m > 0. In order to simplify notation, we use 
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the symbol W{f) also for the concrete Weyl operators in the GNS-representation of 
2n induced by the chosen standard state. 

Within the chosen standard representation we can define the net of local von 
Neumann algebras on Minkowski space corresponding to the theory of mass m as 
follows. Given any double cone Oq C M^^'* with base G in the time t = plane and 
any Poincare transformation A, x, we set 

7^('")(AOo + x) := {ag(W^(<7)) : snppg C G}" , (2.11) 

where the prime denotes the commutant. In this way we obtain a local net O 
TlP^\0) of von Neumann algebras on the underlying Hilbert space which, by the 
result of Eckmann and Frohlich, is isomorphic to the net generated by the free field 
of mass m on the Fock space corresponding to a;^™''. Moreover, the automorphisms 
a^l^l extend to the local von Neumann algebras 1Z^^\0) and act covariantly on the 
net, i.e. 

= 7^("HAC + x) . (2.12) 

Note, however, that for m different from the mass of the chosen standard state the 
time translations a[^^ are not unitarily implemented in the underlying Hilbert space. 
An analogous statement holds for the Lorentz boosts. 

Let us briefly indicate the advantage of the present standard representation of 
the various local nets which is only locally normal with respect to the familiar Fock 
representations. What we gain is the equality of the local algebras TZ^"^\Oo) for 
arbitrary m and any double cone Oo with base in the time t = plane, cf. relation 
(2.11). As a consequence there holds for arbitrary double cones O and masses mi,m2 

n'^^^\o) c n^'^^^Oo) (2.13) 

whenever Oq is some double cone with base at t = which contains O. Moreover, 
choosing to^^^ as the standard state in the cases s = 2,3, we are able to use in the 
analysis of the massive theories the invariance of cu^^^ under the dilations ax, and 
their covariant action on the massless net, 

ax{n'-''\0)) =n'^^\XO). (2.14) 

Since the scaling limit of a theory does not depend on the choice of a locally normal 
state 0, the present setting proves to be most convenient. 

As was mentioned in the Introduction, the short distance analysis of a local net 
of von Neumann algebras requires the passage to a corresponding subnet of C*- 
algebras consisting of operators which transform strongly continuously under the 
action of Poincare transformations or, more generally, spacetime translations. We 
restrict attention here to the latter case and consider for fixed m the weakly dense 
subnet of C ^ 7^('")(C) given by 

0^A^"'\0) := {A G 7^(™)(0) : lim \ \ a^I^\A) - A \ \ = 0} . (2.15) 
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This net still transforms covariantly under the Poincare transformations a)^ J. and, in 
the case m = 0, also under dilations ax. Its C*-inductive limit is denoted by A^"^^ 
and the various vacuum states extend to this algebra by local normality under the 
conditions stated in Proposition 2.1. We also note that the algebras A^^\0) are 
continuous from the outside, 

^M(C)) = fl (2.16) 

OiDO 

as a consequence of the outer continuity of the von Neumann algebras TZ^'^^O). 
We emphasize, however, that because of the continuity requirement in (2.15) it is 
no longer true that the algebras A^"^\Oo) coincide for different m and fixed double 
cones Co based at time t = 0, in contrast to their weak closures. 

3 Computation of the scaling limit for s = 2, 3 

In the present section our objective is to prove the following result which provides 
full information about the scaling limit theories of the free scalar fields of any mass 
in three- and four- dimensional Minkowski-spacetime. 

Theorem 3.1 Let s = 2,3, m > 0, and let oolf^^ be any scaling limit state of the 
theory (A^^\ a^^\uj^'"^^) of a free scalar field of mass m in {1 + s) -dimensional 
Minkowski-spacetime. Then the associated scaling limit theory {Aq 
is net-isomorphic to the theory (A^^\ a^^\ to^'^^) of the massless free scalar field in 
the same spacetime dimension, and the corresponding net-isomorphism connects uJq^^ 
and Lu^^\ 

Remark. This result implies that, according to the classification in [Q, these free field 
theories have a unique quantum scaling limit with a unique vacuum structure. A 
similar theorem holds for the scaling limit theories of the local nets if one imposes 
the continuity requirements (2.15) and (1.10) for the whole Poincare group. 

The proof of this result proceeds in several steps. To begin with we recall (cf. the 
discussion in Sec. 2) that we are working in the standard representation of 211 which 
is induced by the mass zero vacuum state 0;*^°-'. Now let ujq^^ be a scaling limit state 
of so that 

J^\A) = Urn JZ\A) , Ag^(™), (3.1) 

for a suitable subnet A^, k EK, of positive real numbers converging to 0. We denote 
the GNS-representation of ujq^^ by (7ro,t, 7io,M ^o,t)- K is our aim to show that the 
required net-isomorphism is obtained by assigning to 7To,i,{A), A G A^'^\0), the 
operators 

0(vro,(A)) ■.= w- hm a^^iAxJ . (3.2) 

We must demonstrate that the assignment (3.2) is well-defined and has the properties 
needed of a net-isomorphism. To begin with, we list some useful auxiliary results. 
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Lemma 3.2 

(a) liniA^o II (^^^""^ - ^^°^) \ 7^(°)(C) \ \ = for any double cone O. 

(h) Let h G r'(Mi+'^) and f e V{W), and consider the function W : ^ y^^*") 
given by 

W,:= Jd'+'xh{x)a^^\ax{W{f)), A>0, (3.3) 

where the integral is to be understood in the weak sense. Then W G A^"'\Oo) for 
some double cone Oq based on the time t = plane. Moreover, 

lim a^\W,) = J d'^'xh{x) afiWU)) =: Wo (3.4) 

in the strong- operator topology. 

Proof of Lemma 3.2. (a) In view of the facts that u'^'^'^ oa\ = tu*-'^™'' and cu^'^^ is 
invariant under the action of the dilations a\, statement (a) is equivalent to 

lim ||(cu(™)-cu(°)) r7^(°)(AC)|| = 0. (3.5) 

Since one has Clx^o'^^'^K^^)" = *d general grounds [|1^, relation (3.5) follows 
from an argument by Roberts [|r^ because cj("^) is locally normal to uj^^\ cf. also M. 

(b) By construction, W_ is obtained through convolution (with respect to the lifted 
action a^"*-*) of the uniformly bounded function A — >• ax(W{f)) and a test-function h. 
Thus it is strongly continuous with respect to the action of . As a consequence of 
(2.13) and the support properties of / and h one observes that W_x G 7l^"^''{XOo) for 
some double cone Oq based on the time t = plane. Hence, in view of the continuity 
properties of W_ with respect to the translations there holds W_ G A^^\Oo). 

For the final part of the statement we note that for all x = {t, x) G one has 



d^p 



r(™)-r(°))/||^ = \\{ri-^-rr)f\\l = (3.6) 
cos(t/i„,p) - cos(t/io,p))Re/(p) - ifim,psm{tfirn,p) " /io,p sin(t/io,p))Im/(p) 



— ^r/ /sin(t/imp) sin(tyUo p) \ tC—^. x 
+ «/io,p(cos(t/im,p) - cos(t/io,p))Im/(p) + «yUo,p ' — Re/(p) 

\ /^m,p fJ'0,p ) 

By an application of the dominated convergence theorem one concludes that one has 
limA-»o II [j't"^^ — Tt^^)f Ho = uniformly in t on compact intervals. Employing a 
standard argument (e.g. Prop. 5.2.4]), this implies that W{T^^™'^f) converges for 
A — 5> 0, uniformly for x in any compact subset of M^"^'', in the strong operator topology 
to W{t^!^^ f). The claimed statement follows from that. □ 

Now we are in the position to show that the mapping (j) given in (3.2) is well-defined. 
Let O be any double cone. Take A G A^"^\0) and an arbitrary W_ as in (3.3). Then 
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consider 



oot\WA) = lima;(™)(W:A.AAj (3-7) 
- lim J'\a^^{W,Ja^^(A,J) 

Here, the second equality results from u^'^^ oa\ = uj'^^'^\ the third follows from Lemma 
3.2(a) and the fact that (T^^{y^\)(7x^{Ay) e 7^(")(Co) for some fixed double cone Oq 
and all A > 0, and the last equality is obtained from Lemma 3.2(b). Now notice that 
the linear combinations of the Wq of the form of (3.4), as h and / vary, are dense in 
TZ^^\0). Since uj^^^ has the Reeh-Schlieder property (the corresponding GNS- vector 
is cychc and separating for all local algebras TZ^^\0)), it follows from (3.7) that 
w — ]imi^aJ^^{AxJ exists. Moreover, since 

\\^o,U)^o,\\' = lim a;(°)(A*^A,J = lim a;(°)«(4,J V,-^(A,J) , 

(3.8) 

the map in (3.2) maps to and hence is wcll-dcfincd and linear. It is also 
*-preserving since the *-opcration is continuous in the weak topology. One also has 

(^^0,., 7ro,U)^o,c) = u;^'\H^o,U))) , A e A^"^^ , (3.9) 

which already shows that connects lvI)^^ and a;'^°\ 

In the next step, we will establish the intertwining relation 

Hc^t''''\^o,U))) = a^^\H^oAA))) , A e A^"'^ ■ (3.io) 

Let us pick arbitrarily A e A^^\0), and W_ as in (3.3). Lemma 3.2(b) imphes that 
lim^ Q/C^«''") oajUWy^ ) = a^^\Wo) in the strong operator topology. Making use of 
this we are led to the following chain of equations, valid for each x e ]R^+*: 

a;(°)(l^oa,-:(a2(A,J)) = J'\Woai'^-\a^^ (AO)) (3.11) 

= o^^'\a-,^mja^^^-\a-,^{A,J)) + 0(1) 

= u^^'^'-\a-,!mjai'^-\a^^'{A,J))+0{l) 

= u;^'^-\ai'r'>oa-,^{W,Ja-,^{A,J) + 0(1) 

= u^^'\ai'rKa-,^{WOcr-,!{A.J) + 0(1) 
= uj^'\a^^l{Wo)a-,^{AxJ) + 0{l) 
= J'\Woa^^Ka^^{A,J) + 0{l), 

where in each line, 0(1) denotes some function of which tends to as — > 0. 
For the first equality in (3.11) we have used eq. (2.8), the second follows from Lemma 
3.2(b), the third from Lemma 3.2(a). One passes to the fourth equality by invariance 
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of the states under the corresponding action of the dynamics, and to the fifth by 
using again Lemma 3.2(a). The sixth equation is obtained from Lemma 3.2(b), and 
the last equahty makes again use of the invariance of the state under the action of 
the translations. The desired relation (3.10) then results in the limit — >■ 0, using 
again the fact that the span of the Wq is dense in TZ^^\0), and that il^^^ has the 
Reeh-Schlieder property. 

In a similar way one can establish the corresponding intertwining relations for the 
Lorentz transformations. 

Now we want to show that the map is also multiplicative. At this point we make 
essential use of the fact that the massless free scalar field theory in 1 + s -dimensional 
Minkowski spacetime satisfies, for s = 2, 3, the Haag-Swieca compactness condition 
0. We aim at proving 

Lemma 3.3 For all local A,B_e A^""^ it holds that 

(PMA)) (PMR)) = (PiiroAAWm) . (3.12) 

Proof of Lemma 3. 3. Suppose first that A, B_ are localized in two separated double 
cones OaiOb based on the time t = plane. Then we will show that 

^^°n0K.(A))0(vro,(5)))=.;W(0(7ro,(A)7ro,(5))). (3.13) 

To this end we make use of the following result in which is a consequence of the 
positivity of energy: For any given 5 > 0, there is some continuous, rapidly decaying 
function / : M ^ M such that 

= v4/(ifo)51](°)) + Bf{Ho)An^''^) (3.14) 

holds for all pairs of operators A,B which satisfy [q;|°''(A), 5] = for —6 < t < 
S. Here, denotes the GNS-vector of cu^^^ and Hq the generator of the zero- 
mass dynamics (time-translations). Now := (y^x^{A^^J G TZ^'^^Oa) and 5^ := 
a^^{BfS) e TI^^\Ob) and consequently, because of locality, there is some S > such 

that [al^\A^),B^>] = for |t| < 6 and all Thus the aforementioned result 

applies to the effect that 

uJ^'\<f)MAm7roM))) = lim lim J^\A^B,,) (3.15) 

K k' 

= lim hm ((fiW, A,/(i7o)5.'f^^°^) + {n^''\B^>f{Ho)A^n^^^)) 

for some / as above. The crucial point here is that, since w — lim^' -B^' exists and 
since 5^' ^ TZ^^^[Pb)-, there exist also the strong limits s — \\va.^i f{B.i^Bt^i^^^^ and 
s — lim^' f{Ho)*B*,^l^^^ because of the Haag-Swieca compactness for the massless free 
scalar field. This entails that one may pass from the double limit in (3.15) to the 
associated diagonal limit, i.e. 

hm {{Q^'\AJ{Ho)B^Q^''>) + {Q'-'I BJ{Ho)AM'^)) (3.16) 
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exists and equals the expression on the right hand side of (3.15). Since 

(3.17) 

relation (3.13) is thus established. 

In a second step, we shall extend the relation (3.13) to arbitrary local operators 
A,B_. Here we make use of the general fact that any scaling limit theory is translation 
covariant and fulfills the spectrum condition [§. For the case at hand this implies 
that the function 

M^+' 3x^ G{x) := cJo,.(.4ai'")(^)) (3-18) 

is the boundary value of an analytic function in the forward tube M^^'' + iV^. The 
same holds for the function 

3 a; F{x) := 0(vro,(A))af (0(7ro,.(5)))r]W) . (3.19) 

Since the operators A and a^^B) are, for sufficiently large spacelike x, localized in 
disjoint double cones Oa and Ob as in the preceding step, we may then appeal to 
(3.13) to conclude that 

Fix) = {n^'\<P{no,UmnA^^r\B)))n('^) (3.20) 

for some open set of translations x. By analyticity, we then obtain F{x) = G{x) for 
all X G M*, implying (3.13) for arbitrary local operators A,B^. 

Finally, (3.13) must be generalized to the operator identity (3.12). Let W_ be of the 
form (3.3). Due to the strong-operator convergence of the families a^^(W\) as A — > 0, 
there holds for each A G A^"^\0) the following restricted form of multiplicativity of 
the map 0: 

<Pi7roAW))<f>MA)) = 0(vro,.(lZ)7ro,.(A)) (3.21) 

and similarly 

(i)MA))<l>{rroAW)) = (jy{7roAA)7roAW.)) ■ (3.22) 

Therefore, when is also of the form (3.3) and when the A and 5 in (3.13) are 
replaced hy W_ - A and S • W^, respectively, we conclude that with Wq, Wq as in (3.4) 

u;'^'\Wo<P{7ioAAmnoAB))W;,) = J'\4>{noAW- A)^^^^ (3.23) 
= a;(°)(0(7ro,.(lE-A))vro,.(5- lEO) =^^°Hw^o0(vro.(A)7ro,.(5))W^^). 

Then the equation (3.12) results again from the fact that the linear span of the 
elements Wq, Wq is dense in the local von Neumann algebras TZ^^\0), and from the 
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Reeh-Schlieder property of u;^^\ This completes the proof of the multiphcativity of 
the map (f). □ 

It remains to be shown that (f) maps A''^\0) onto A^°\0) for all double cones 
O. We will prove this first for all Oo based on the time t = plane. 

Let A e A^^\Oq), choose some function h G T>(M}^^), and define the function 
M+ 9 A ^ by 

/ d'^^xhix) at:\a,{A)) . (3.24) 

Then A^'^'^ G A^"^\Oh) where Oh shrinks to Oq when the support of h is shrunk to 
{0}. We observe that 

^x\Af^) = J d'+^xh{x) , (3.25) 

from which we now obtain the following chain of equations, where W_ G A^"^^ is of 
the form (3.3), and Wq relates to it as in (3.4). 



UmJ'\Woa^\£^)) = ^^^^^'\a-,\W,)a-,\£^)) (3.26) 



= lim / d^+'xh{x) Lj^^'^Ha^-^Ka^^W^) ■ A) 

A — >0 J 

= lim / d^+'x h{x) {a^^^'^ oa^\W^)- A) 

A — ^■O J 

= I d^+'xh{x)uj^''\a^^l{Wo)A). 

In the preceding chain, the first equality is derived by means of Lemma 3.2(b), the 
second by Lemma 3.2(a), and the third uses the invariance of cu^'*"'^^ under the transla- 
tions Q;^'^"*^ The fourth equation is implied by Lemma 3.2(a) and the last one follows 
on account of Lemma 3.2(b). Falling back on the by now familiar argument that the 
span of elements Wq is weakly dense in TZ^^\Oo), the just obtained equahties entail 
that 

0(7ro,(AW)) = ^-lim a,-^(Af)) = J d'^^xh{x) a^\A) . (3.27) 

Since A and h were arbitrary we see that (t){Atf)^ spans 7i*^°' , the standard Hilbert 
space. Hence, because of the algebraic properties of and (3.9), is in fact given 
by the adjoint action of a unitary 7io,t — defined through the assignment 
'7i'o/(id)^o,(. ^ 0(7ro,i(A))^- Therefore, is in particular injective. 

If one takes now a sequence of test-functions approaching the Dirac-measure 
5, one has <p{nQ^,{A^^"^)) A for n ^ oo in norm since A G A^^\Oo) is, by the very 
definition of the algebra A^^^ (Co) , an element on which the translations a^^ , x G M^+*, 
act strongly continuously. This shows that, for each pair Oo, Oi of double cones based 
on the time t = hyperplane with O^ C d, we have A^^\Oo) C (j){A^\Oi)). On 
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the other hand, for each Oi there holds the inclusion (j){AQ^J (Oi)) C ^^'^^(Oi) in view 
of the intertwining relation (3.10) and the fact that (f){Ai^\Oi)) C 7^(°)(Cl). Hence 

A^'\Oo) C 0(4^ (^i)) C A^'\0^) , (3.28) 
and because of the injectivity of we conclude that 

A^'\Oo) C ( n_4? ((^i) J C n_^^°n(^i) • (3.29) 

The required equality (l){A^^\Oo)) = A^^\Oo) follows now from the outer continuity 

of the nets O — > A^^\0) and O Aq^\0). Due to the intertwining property of 
for the Poincare transformations, cf. (3.10), we immediately obtain 

0(4? (AOo + x)) = 0(at/'^)(4? (a))) (3.30) 
= ai°L(0(4?(Oo)))=^(°HA(^o + x) 

for all Oo based on the time t = plane and all A, x. Consequently the equality 
0(4? (C)) = A^^KO) holds also for all double cones O. 

This completes the proof of Theorem 3.1. 

4 Construction of charged states for s = 1 

As we shall see, the properties of the scaling limit theory of the free massive scalar field 
in two-dimensional Minkowski-spacetime are in several respects different from the case 
in three- and four- dimensional Minkowski-spacetime. First, while the vacuum states 
appearing in the scaling limit are always pure in s > 2 dimensions 0, the present 
model in s = 1 dimension provides an example where these states are mixed. Second, 
there appear charged states in the scaling limit whose restrictions to the algebras 
of both, the right and left component of the spacelike complement of a double cone 
region, coincide with the vacuum. But their restriction to the algebra of the full 
spacelike complement is disjoint from the vacuum. Hence these states carry a gauge 
charge in the sense of [||. As was discussed in [||, there holds Gauss' law for this 
charge. These results will be formulated more precisely in the following theorem. 

Theorem 4.1 Let ujq^'^ be any scaling limit state of the theory of the free scalar field 
of mass m > in two-dimensional Minkowski-spacetime. Then for the corresponding 
scaling limit theory {Aq it holds that: 

(a) 4? possesses a non-trivial center. 

(h) There are charged states uj^^ on ^q™"* which are locally normal to u^^^ and 
have moreover the following properties!^ 

^As usual, the C*-algebras corresponding to unbounded regions are generated by the algebras 
associated with all double cones which are contained in the respective region. 
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(b.i) \ = \ Ai^\0^^y) for sufficiently large double cones O, 

where C^^^ denotes the right/left component of O' . 

(h.ii) cu(™) \ X? (C) disjoint from u^f \ A^^\0') for all double cones O. 

(b.iii) In the GNS-representation induced by o;^™-' the translations ct^2'°'''' are im- 
plemented by a continuous unitary representation satisfying the spectrum condition. 

The remainder of this section is devoted to the proof of these statements. 

Let m > be given. We choose the Fock-representation induced by u^"^^ as our 
standard representation. The corresponding GNS-vacuum vector will be denoted by 

To prove (a), we define for arbitrary h e V^M?) and real- valued / e 



CP:^ld'xh{x)a^;:^{w{\\nX\-y'6,f)), A>0. (4.1) 

Then A i-^ cf)^^ is contained in A^"^\0) for a suitable double cone O. Moreover, 
there hold the following relations: 

lim Cf^Q^-)) = |d2xM^)-e-('/')l^'(°)l% (4.2) 

lim(0(-),Cfcf0("^)) = (^Jd'xhix)^ ■e-'^f^''>^\ (4.3) 



.2 

d^x h{x) 



(4.4) 



Equation (4.2) can be derived as follows. Inserting the expression for Cy^^ into the 
vacuum state yields 

= j d^xh{x) ■ e-(V2)ll|inArv^5,/|i^ ^ (4 5) 

where we used the invariance of the vacuum under translations. For the term in the 
exponential we obtain by partial integration 

\\\^nX\-y^SJ\\l^ llnAI-- r /P |/(p)r (4.6) 
= -|lnA|-i -KAm) \f{0)\' -\lnX\-' ■ dpln (p + ^p^ + (Am)^) ^\f{p)\', 

where we made use of the fact that p i— > |/(p)P is symmetric since / is real. Since 
/ is a test-function, relation (4.2) then follows. For the proof of (4.3) and (4.4) one 
has also to make use of the Weyl-relations and the specific form of the action of the 
translations on the Weyl-operators. Otherwise the reasoning is completely analogous. 

Now let (ttcj,, 7Yo,t, ^^o,i) denote the GNS-representation of Oi)Q^\ and Cq^] :— 
7'"o,t(C'' '*■*)• We want to show that C^l^^ is contained in the center of Aq^^ (for any 
choice of h and /). Due to locality it is sufficient to show that Cq^} is translation 
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invariant, i.e. a 

{^m;o,0(^(^W) ^ (jih) p^^^ ^j^^ definition of C^'^) it follows that 

a^\C_^'^^) = C^^'^'> where h^iy) = h{y — x) denotes the translate of h. Moreover, it 
is easily seen that C^''"^ - C_^^'> = C_^^--^\ Hence we have, by (4.4), 

\\{a'r'''\c^£)-c&n,,\\' = \\cl-'^no,\\' (4.7) 

= iim(fi(™),c:f""^^*c:?""''^fi('")) 



d'y {K{y) - h{y)) ' 



0. 



Since Cq^^^ is contained in Aq^\Ox) for some double cone O^, and since f2o,t 
is separating for these local algebras Lemma 6.1], the last equality entails that 
Cq^^^^'^^ = 0. Thus Cq'^^ is invariant under translations and hence lies in the center of 

Aq^\ Finally, (4.2) and (4.3) imply that Cq^} is different from a multiple of 1 in the 
case that / d?xh{x) ^ and / d^x.fix.) ^ 0, because then one has 

(fio,.,<?^^o,.)' = (/rf^xMx))'-e-l^>)l' (4.8) 

^ (/rf2xMx))'-e-2|/»l^ = (f^o.,<?<^^^o.). 

Part (a) of the theorem is thereby proved. 

We note that the appearance of a non-trivial center in the scaling limit may 
be attributed to the fact that the massive free field in two dimensions contains an 
anomalous classical part, cf. 0. 

Let us now turn to the proof of part (b) of the theorem. For given h G P(]R^) and 
/ G V{R) we define W^if) := (TxiW{f)) and 

W['\f) := / d'xh{x)at\w,if)). (4.9) 

Then A ^ w}^\f) is contained in A^'^^O) for some double cone O. Whereas the 
scaling algebra contains only these regularized Weyl-operators, one can recover from 
them the non- regularized Weyl-operators in the scaling limit. This is shown in the 
subsequent lemma. 

Lemma 4.2 Let (vro_t, TYo.m ^o,t) be the GNS-representation of uo^^ , and let hn be 
any sequence of smooth functions on with hn{x) > 0, hn{x) = for \x\ > and 
J d^xhn{x) = 1. Then for each f G ^'(M), 

WoAf) := Jim iTo,,{W^''"\f)) (4.10) 

exists in the strong operator topology and, for the net A^, k, E K, used in the con- 
struction of UJq^\ 

hm u^"'\W^Sf)AxMxS9)) = {^o,,WoAf)7roMWoA9)^o,) 

(4.11) 

for all f,gE 2^(M), A G A^'^\ Moreover, there hold the Weyl relations 

WoM)WoA9) = e-'^'^^^^^/^WoAf + 9), f,9^ I?(K) • (4.12) 
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Proof of Lemma 4-2. First we show that for / e ©(M) one has 

sup \\{a^;:\w,{f))-W,{f))n(^^\\^0 for x^O. (4.13) 

1>A>0 

Since a;^"*^ °crx — u;^'^'^^ and in view of (2.8), this amounts to showing that 



sup 

1>A>0 



(4^™)(W^(/))-W^(/))fi(^™)||^0 for x^O. (4.14) 



For the latter it is sufficient to show that 

sup ||ri""^V-/l|Am^O for x^O. (4.15) 

1>A>0 

But for all x = {t, x) G and 1 > A > one obtains 

Iki'"^^/-/IIL (4-16) 

< 2y'dp(|t| + |x|)V,p(|Re/-(p)l+/^m,p|Im/(p)|)' < const (|^| + |x|)^ 

hence (4.13) is established. 

Now let / e V{R) be given. For £ > 0, we choose some n G N so that 

sup II iat\w,{f))-W,if))n^-^\\ < e/A (4.17) 

1>A>0 

for |x| < n~^. Then for all j,k > n we have 

\\{7roAwf^\f))-W[''\f))no,\\ (4.18) 
= hm 1 1 {Wf:\f) - Wtf (/))0('^) 1 1 < sup 1 1 (Wi^H/) - iE?'"^ ifW^^ 1 1 

1>A>0 

<2 [d'x{h,{x)+h{x)) sup ||(4?(li^A(/))-Ii:A(/))f^^'"^ll<£- 
J 1>A>0 

Here we used that the integral equals 2 and the support of hj is contained in the ball 
of radius for j > n. Since f^ct is separating for the local von Neumann algebras 
AQ^\oy, this last estimate shows that 7ro,L{Wj^^\f)) is strongly convergent to an 
element in Aq^\0)^ for some double cone O as j ^ oo. 

To prove (4.11), we note that (4.17) also implies that supi>;^>o II {W}x^\f) — 
W_x{f))fl II < s/2, for all j > n. Hence one obtains that 

sup I u;^^\wf^\f)A,wf^\g)) - u;^"'\W,if)A,W,{g)) \ (4.19) 

1>A>0 

can be made arbitrarily small for sufficiently large j. Relation (4.11) is implied by 
this fact. 
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Now let us turn to proving (4.12). Let f,g e V(R), then Wo^,{f) and Wo,,{g) 
are contained in A'qI\0)^ for some double cone O. With the help of (4.11), when 
d G O', we obtain for all A G A^^'^Oi), 

{^o,,7ioAA)WoMWoM^oJ = {^o„WoM)^oAA)WoA9)^o,) (4.20) 

= \im J'-\A,^W,Sf)W,Sg)) 

= hm co^"'HA^^e-''^^f^<^^/^W^Sf + 9)) 

= {^0,, vro,(A)e-^'^(^'^)/2^o,.(/ + g)^o,.) , 

where we made use of locality and the Weyl-relations. Since fio.t is cyclic for the 
C*-algebra generated by {Aq^\Oi), Oi C O'} Lemma 6.1] and separating for 
A^^\0)- this estabhshes (4.12). □ 

On the basis of the last lemma, we can define the following two families of unitary 
operators on the scaling-limit Hilbert space ?io,f First, we pick some sequence of 
real-valued G P(M) where /n(x) = g, |x| < n, for an arbitrary real number q and 
define 

1;^"^= W^o,.(^/n) , nen. (4.21) 

Secondly, for any choice of a real- valued w G V(M.) with w(x) = 1 for |x| < 1, we 
consider the sequence of test-functions 5'„(x) := 9xU'(x/n), n G N, and define 

Zi")(r) :=iyo,.(r^7„), rGM. (4.22) 

In the following lemma we collect some properties of these unitaries. 

Lemma 4.3 It holds that 

hm (yJ")fio,M vro,(A)yJ")fio,.) = (^^o,., vro,(A)fio,.) , A G ^('"^ , 

(4.23) 

and 

(fio,., (r)^^o,.) = e-(^'/^)-/ 1*^1 1''^'^)!' , r G M , n G N . (4.24) 

Proof of Lemma 4- 3- Let a > and A G iA*^™''(Oa), where Oa is the double cone 
based on the interval (—a, a) in the time t = plane. For n > a we obtain by (4.11) 

(yJ'^)fio,Mvro,(A)yJ")no.) = l^u;^"'\W,MnrAx.W,Szf^)) (4.25) 

= \imJ"^\WitfnyA,Witfn)) 

where in the second equality we have used that 

WAifnYA^WAifn) = W{6M*AxW{6x^fn) (4.26) 

= W{tfnrAxW{tfn) 
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for 1 > A > 0. This holds because both i/„ and 6xifn are equal to iq in a neighborhood 
of the closure of (— Aa, Aa), and so we see that i/„ = ixi^^ + 5\ifn. with a real- valued 
function Xn^ ^ having support outside of (-Aa, Aa). As A^^ e A^'^\XOa), it 

commutes with W{ixl^^) and thus the last identity of (4.26) results from the Weyl- 
relations. This argument may also be used to show that W{ifn)*AxW{ifn), 1 > A > 
0, is independent of n > a. The last equality of (4.25) is then obtained for fixed n > a 
since the scaling limit of a state locally normal to cj(™) is equal to the scaling limit 
of cu(™), cf. II, Cor. 4.2]. This proves (4.23). 

Equation (4.24) is obtained with the help of (4.11) by a straightforward compu- 
tation, 

(fio,.,4"^(r)fio,.) = \imJ"'\WxS9n)) (4.27) 
= lim e~^ll^" "Lm 

K 

= g-(r2/4)-/dk|k||,5{k)|2 _ □ 

We note that by construction Qni'x) = for |x| < n, hence each weak limit point of 
Z^'^\r), as — > oo, lies in the center of Aq^^". Drawing on (4.24) it is straightforward 
to show that these central elements are also different from multiples of the identity. 

We construct now a state tu^™) with the properties as claimed in part (b) of the 
Theorem. For this purpose, we consider the operators 

Vg^""^ ■.= WoA^Un), nen, (4.28) 

where the sequence of real- valued Un € T>{R) is required to have, for some fixed a > 0, 
the following properties: 



Mn(x) 



, X < —a , 

independent of n, |x| < a , (4.29) 
q , a < :k < na . 



Here g 7^ is some real number ( "charge" ) which will be kept fixed in the following. 
With the help of the operators V^""^ we define the state 

ooi'^HrroM)) ■■= lim (^J"^^o,, rroM)yt^^o,.) , A G ^^^^ . (4.30) 

An argument similar to the one used to prove (4.23) shows that for each double cone 
O in there exists some number ng such that, for each A G A^'^\0), the expression 
(Vj"^fio,t, ^o,t(ii)V'J"'^f2o,t) is independent of for > uq. Therefore, the state cu^™^ 
exists and is locally normal to the scaling limit vacuum oOq^^ . 

If (9 is a double cone which is contained in we obtain for all A G A^'^^O) 

and sufficiently large n, 

(\/(")fio,, vro,(A)rJ")fio,) = (i;("^^^o,M 7ro,(A)Fj")fio,.) • (4.31) 

Again, this can easily be checked by an argument similar to that establishing (4.23). 
In view of Lemma 4.3 we conclude that 

\ = 4? \ 4? ((^i^)) • (4.32) 



21 



On the other hand, if O is contained in ^ it follows from locality that 

(i;(")0o,., 7ToM)yt^^o,c) = {^0,., vro,.U)fio,.) . (4.33) 

Hence relation (4.32) holds also with replaced by (!?(~). Thus we have proved 
(b.i). 

Let us next show that the state cj^™^ is disjoint from uJq^^ on Aq^\0') for every 
double cone O'. We begin by noting that the unitaries Z^^\r) arc contained in the 
local von Neumann algebras Ao^\On,w)^ for suitable double cones On,w and, by local 
normahty, the state lo^^^ extends to these algebras. On the other hand, we have that 

Z^+'^\r) e A^^\On,+)-UA^^\On,-)- where On,± are double cones in the right /left 
spacelike complement of the double cone On based on the interval {—na,na). This 
follows from the support properties of the functions Qn and the Weyl-rclations. Since 
Z^\r) forms a central sequence in aIj^\0')~ , it is sufficient for the proof of the 
claimed disjointness to show that, for each e > 0, there is some real- valued w G V{R) 
with u'(x) = 1 for |x| < 1, such that in the hmit of large n, 

I - ^H^-^W?)) I > 2 - £ . (4.34) 

That this can be achieved may be shown as follows. Let C := {w ^ V{R) : 
w real, w(x) = 1 for |x| < 1}, and let £ > be given. We claim that there is 
some w e C having the property 

2 . e-(-VV)-/ |k| |u,(k)P > 2 _ £ . (4.35) 

It is plain that this amounts to showing that there holds 

inf / dk\k\ |w(k)|2 = 0. 
weC J 

Now w & C implies that also Wj & C, where 

w,{^):=w{^/j), J en. (4.37) 

On the other hand, / dk\k.\ \wj{k)\'^ = J (ik|k| |w(k)p for all j e N, and for all 
u e T>{R) there holds in the limit of large j 

J dkuik) |k|V2~.(k) ^ J dkj-'/\{j-'k) \k\'/^w{k) ^0. (4.38) 

This shows that the sequence of functions k i— >• |k|^/^'u}j (k), j e N, tends weakly to 
in L^(M) for j — > oo. Since C is a convex set there exists then another, averaged 
sequence w] E C such that / dk |k| |wj(k)p — > for j — > 0. Thus we arrive at (4.36), 
and consequently there is for the prescribed e > a w e C satisfying (4.35). 

Our next claim is that, with such a w G C, relation (4.34) is satisfied for all n G N. 
To this end we recall that in view of the Weyl-relations and locality there is for any 
choice of n G N some j G N such that 

{Vl^^no„Z^-\n/q)V^^^^Qo,) (4.39) 
e*^"/''^ / <ix„,(x)p4x) ^(n) (;r/g)Oo,.) ■ 
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(4.36) 



For the integral in the exponential we obtain for sufficiently large j 

j dxuj{x.)gn{x) — j dxuj{x.)d:^w{x/n) — —q . (4.40) 

This is a consequence of the support properties of the functions involved: dywipi./n) 
is supported on two disjoint regions close to ±n, and Uj vanishes on the region at 
—n and equals q on the other one. Therefore, with the help of Lemma 4.3 and the 
preceding estimates, we arrive at 

= {l-e-'''){n,,,Z^:\'K/q)Q,,) (4.41) 

This completes the proof of statement (b.ii) in the theorem. 

We mention as an aside that by the same argument one sees that also the states 
tu^™^ corresponding to different charge values q are disjoint on the algebras Aq^^{0'). 
Hence the charge of these states can be determined in the spacelike complement of 
any double cone, which may be interpreted as a manifestation of Gauss' law. 

It remains to establish the last statement (b.iii) of the theorem concerning the im- 
plementation of the translations in the representations induced by UJ^^ ■ We indicate 
here only the essential steps in the argument and refrain from giving the necessary 
computations as they are of a similar nature as in the preceding steps. 

We begin by noting that the representation Qq^^ of »4o^'*, which is fixed by 0J^\ 
can be realized on the Hilbert space Tio.t by setting 

Q,,MA)) lim l/(")*7ro,.(A)T/(") , (4.42) 

with y^^") as in (4.28). This limit exists in the norm topology because of the Weyl- 
relations and locality. We note in passing that Qq^^ is an automorphism of the C*- 
algebra generated by the local von Neumann algebras Aq^^{0)^ . 
The translations in the representation ^ are obtained by setting 

Uq,{x) := lim V^->U^,{x)V^^^ . (4.43) 

Here Uq^^{x) are the unitary translation operators in the defining representation of 
the net A^^^} on 7io,f The somewhat laborious task is to show that this limit exists 
for a suitable choice of the functions ti„ in the definition of V^^"). In contrast to the 
preceding results where the specific form of Un was, for x > n a, completely arbitrary 
(cf. (4.29)), the proof that the translations can be represented in the form (4.43) 
requires a proper choice of these functions in that region. With these preparations 
one can show that the operator V^'^>Uo^Xx)V^'^^Uq,,{x)* can be decomposed into 
a product Z^") of Weyl-operators, where Vx does not depend on n and Z'^^ is 
a central sequence whose vacuum expectation value converges to 1, uniformly on 
compact sets in x. Since each Z'^^ is unitary, the uniform convergence of (4.43) in 
the strong-operator topology follows. 

It is then clear that (4.43) defines a continuous unitary representation of the 
translations on 7io,(. which satisfies the relativistic spectrum condition (since C/o,t 
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does). Combining relation (4.42) with (4.43) one also sees that the unitaries Uq^i,{x) 
implement the translations the representation ^ and this completes the 

proof of the theorem. 

5 Some open problems 

The present investigation of the short distance properties of free field theories has 
produced some interesting results which corroborate the general ideas expounded in 
IP . Yet in spite of the basic simplicity of the underlying class of models there remain 
some intriguing questions whose understanding seems to be of importance for the 
treatment of less trivial examples, notably interacting theories. 

First, there is the role of dimension. In our computation of the scaling limit of free 
field theories in Sec. 2 we relied heavily on the fact that the corresponding vacuum 
states are, in s = 2 and 3 dimensions, locally normal with respect to each other for 
any value m > of the mass. In s > 3 dimensions this is no longer true because 
of ultraviolet problems and this fact resembles the situation which one expects to 
encounter in interacting theories in physical spacetime. There the scaled vacuum 
states (corresponding to different "running" values of the coupling constants and 
masses) are most likely locally disjoint. Hence it would be of interest to develop in 
the simpler case of free field theory in s > 3 dimensions techniques which allow one 
to compute the scaling limit nets (vAo™"*, a'-™''''''-') without relying on local normality. 
It is clear from our present arguments that also in these models the local algebras 
A^\0) and A''^\0) have large sub-algebras in common which consist of smoothed- 
out Weyl-operators. But this information is not yet sufficient in order to clarify the 
relation between the respective nets. 

Because of similar reasons we neither have an explicit description of the scaling 
limit theory in s = 1 dimensions, nor do we know whether this scaling limit is unique. 
If one restricts attention to the sub-algebra of the scaling algebra which is generated 
by smoothed-out Weyl-operators, then one can show that the resulting subnets of 
the scaling limit theory are isomorphic to the nets generated by smoothed-out Weyl- 
operators in massless free field theory, tensored with an Abelian algebra [Q. It is an 
open problem whether an analogous result holds if one starts from the full scaling 
algebra. 

Within the realm of free field theory it would also be of interest to determine the 
scaling limit of the local net generated by a free massive vector field, which resembles 
in certain respects the Higgs model. It would be interesting to see whether in the free 
field case there exist in the scaling limit physical states which carry a charge that is 
screened at finite scales, similarly as in the Schwinger model. 

The real challenge, however, is the short distance analysis of interacting theories 
with the method of the scaling algebra. There the simplest examples are the V{4>)2- 
models which are known to be asymptotically free (super-renormalizable) and to have 
vacuum states which are locally normal with respect to the massive Fock vacuum. 
Because of this close relationship to free field theory one may hope that the present 
results will also be of use in the analysis of these more interesting examples. 
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